Recent experiments on the formation of crystalline CO 2 from a newly discovered binary phase consisting of CO2 and C2H2 at 90 K fail to be adequately simulated by Avrami equations. The purpose of this note is to develop an alternative to the Avrami model which can make accurate predictions for these experiments. The new model uses empirical approximations to the distribution densities of the volumes of three-dimensional Voronoi cells defined by Poisson-generated crystallization kernels (nuclei). Inside each Voronoi cell, the growth of the crystal is assumed to be linear in diameter (i.e., cubic in volume) until the cell is filled by the CO2 crystals and the C2H2 (thought of as a waste product). The cumulative growth curve is computed by averaging these individual growth curves with respect to the distribution density of the volumes of the Voronoi cells. Agreement with the experiments is excellent.
INTRODUCTION
Crystal growth is of obvious significance in semiconductor design. The classical approach to model the formation of crystals is based on a probabilistic argument and known as the Avrami model [4] . We review the Avrami model in Section 2 but state here that the Avrami equations predicting conversion to crystal as a fraction of total available volume are (t) e -gt (1, 1) where K and n are parameters.
The purpose of this note is to offer an alternative to the Avrami model based on statistical properties of Voronoi diagrams. It is straightforward to see (and well-known) that the Voronoi diagrams 378 T. GOUGH AND R. ILLNER associated with the crystallization kernels (impurities referred to as nuclei) are important for the crystallization process: Crystals will form as spherical globules and grow linearly with time in diameter, hence cubic in volume, around the impurities, until these globules impinge into each other; the latter occurs exactly at the interfaces defining the Voronoi diagram, because these interfaces are defined as being equidistant to the two closest nuclei. See Figure 1. One characteristic of Avrami equations is that they predict that regardless of what n is, the length of time required to convert the first half of the reactant to product is shorter than the time required for the second half of the conversion. One can argue that the slowing down occurs when MODELING CRYSTALLIZATION DYNAMICS 379 expanding reaction fronts collide at the boundary separating adjacent Voronoi cells. After such collisions, the surface at which conversion occurs no longer grows as the cube of time.
The experiment which inspired us to look for an alternative to the Avrami model was the formation and disintegration of a metastable crystalline binary phase CO2.C2H2 under suitable conditions: Mixtures of these two gases are expanded through a nozzle onto a zinc selenide window which is mounted in the beam of an FTIR spectrometer and maintained at 90 K. The pulse deposits a film approximately 200 molecules thick. The obtained spectra depend markedly on the conditions of the expansion. In general, absorptions characteristic of crystalline CO2 and crystalline C2H2 are observed together with new features assigned to a mixed phase. For 1:1 mole fractions the absorptions assigned to the pure phases are absent, and it was found that the intensity ratio of the new features is independent of the mole fraction of CO2. These observations establish the stoichiometry of the new phase as CO2.C2H2 (for more details, see [3] ).
It was then observed from spectra recorded over a period of 5 hours that the CO2.C2H2 decomposes into CO2 and C2H2. Experimental data for fractional conversion versus time, based on spectral intensities, are given in Figure 2 .
The CO2 formed has a sharp spectrum indicating crystallinity, whereas the C2H2 has broad absorptions indicating a more amorphous state. It was established [3] that the reaction is a solid state transformation. The plot in Figure 2 is sigmoidal, suggesting that an Avrami analysis might be appropriate. However, the decomposition does not show the characteristic slowing down discussed earlier: Rewriting (1.1) as (t) e -:t" taking logarithms ln(1 99(t)) Kt and taking logarithms again yields In(-ln(1 (t))) In K + n In t.
(1.2) So the left-hand side of (1.2) is a linear function in Int. However, plotting ln(-ln(1-converted fraction)) versus In yields the curve given in Figure 3 , which is obviously not linear.
The curve in Figure 3 indicates that n increases smoothly from at the beginning to 4 at its conclusion. A least squares fit to the overall data provided a value of n 3.3.
The basic idea put forward in this paper is to produce approximations to the crystal growth curves (as a fraction of total volume) by averaging the growth curves associated with the individual Voronoi cells with respect to the statistical properties of a Voronoi diagram for which the impurities are generated by a Poisson process. In the absence 
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of other information, assuming that the impurities are Poisson-distributed is natural. Our approach contains two inherent difficulties:
1. The growth curve of the piece of crystal inside a Voronoi cell depends on the geometry of that cell. The volume growth is assumed to be cubic with time until a boundary is reached, then slow down because there cannot be any growth beyond that boundary, and stop completely once all the corners of the cell are filled. The end phase of the growth will therefore vary from cell to cell. 2. While the statistical properties of Voronoi cells are a widely investigated topic 1], the exact probability distribution of the volumes of Voronoi cells associated with Poisson-distributed points is not known. In two dimensions, there are a lot of empirical studies and matches to these studies with various ad hoc approximations, like Gamma distributions, Maxwell distributions or lognormal distributions. We refer to [1] for details. An empirical numerical study on the volume distribution of three-dimensional Voronoi cells generated by a Poisson process is given in [2] .
We cannot deal with these difficulties rigorously; we avoid them by making simplifying assumptions. As for 1., we simply assume that growth proceeds as kt 3 until the cell is full, i.e., for a cell of volume a > 0 the growth curve is given by g(a,t) { kt3' O <_ < (a/k) 1/3 a, <_ Here, k denotes the (linear) growth rate of the radius of the globule forming inside the cell.
This assumption is clearly simplistic, but the error is small for Voronoi cells which are regular in the sense that they are well approximated by spheres (we refrain from trying to produce a rigorous approximation criterion). A mitigating factor in this context is the observation that the crystallization process involves two products, namely the pure CO2 crystals, which grow from the nuclei, and the more amorphous C2H2, which will accumulate at the boundaries and in the corners of the Voronoi cells.
As for 2., we tried a number of density distribution functions for the volume of Poisson-generated Voronoi cells. It will be shown below that there is a choice of a probability density which reproduces the Avrami model. However, using semi-empirical approximations as suggested in [1] and [2] produced much better agreement with our experimental data.
The plan of this paper is as follows. We briefly review the Avrami model in Section 2. In Section 3, we establish a general formula for growth curves by averaging over the curves given in (1.3) with respect to a. Several examples are discussed, and one of them reproduces the Avrami model. For other semi-empirical approximations to the Voronoi cell volume distribution, the general formula yields integrals which we evaluated by using the MAPLE symbolic computation program. We present the best match we obtained in this way to a data set produced in [3] in Section 4.
REVIEW OF THE AVRAMI MODEL
A direct derivation of the Avrami model from probabilistic considerations works as follows.
Assume that N nuclei are equidistributed distributed in a (macroscopic) Volume V > 0. Choose an arbitrary but fixed reference point P and let X be the distance to the nearest nucleus. X is a random variable, and Unfortunately, the true f is not known (but an object of study, see [1] ); we discuss a few examples with ad hoc choices for f. The last example is then matched to experimental data in the next section. These curves already display the correct logistictype growth, and they show the kind of asymmetry about the half-life point (i.e., the point where half of the substance has crystallized) which was seen in the experiment described in [3] .
The equidistribution used in Example 3.1 is clearly not a very intelligent guess for the volume distribution of Voronoi cells. Let us make a more systematic attempt, following the derivation of the Avrami model in Section 2. Assume that N nuclei are Poisson distributed in a (macroscopic) Volume V > 0. Choose one of these nuclei arbitrary but fixed and let Xbe the distance to its nearest neighbor. X is a random variable, and so the cumulative distribution function of X is FN(X)-P{X _< x}-1-(1 We use these to compute the density of the random variable S := volume of the sphere with radius X/2; this is the largest sphere which will fit into the Voronoi cell centered at the chosen nucleus. Clearly, P{S <_ s)-P X <_ s e-8"xs.
The associated density is g(s)-8e-.
(3.2)
We note for later reference that and hence the expected volume occupied by all such spheres around all nuclei is (N/SA) (V/8). So 7/8 of the available volume belongs to corners of Voronoi cells in this sense.
If we use g as obtained in (3.2) The first integral is easy to compute; the second requires the error function to be expressed in closed form. Symbolic evaluation of (t) is easily done by using a symbolic computation package like, e.g., MAPLE.
We experimented with many other densities. The three given above were chosen for the following reasons: 3.1 is the simplest example; 3.2 reproduces the Avrami equation; and 3.2 gave us the best agreement with experiments, as we show in the final section.
COMPARISON WITH THE EXPERIMENT
The density from Example 3.3, with /3--1, gave the match to the data points which we present in Figure 4 . The agreement with the experimental data is striking, suggesting that the assumptions underlying the modeling process are realistic.
Infrared spectroscopy of the reactant and product phases shows that the reactant phase and the product carbon dioxide are both highly crystalline o:5 FIGURE 4 Matching the data with the alternative model. 383 while the product acetylene phase is amorphous. These observations are consistent with the product consisting ofcrystals ofcarbon dioxide embedded in a less rigid acetylene matrix. This means that each Voronoi cell will only be half full of rigid material and this material may be free to move.
MODELING CRYSTALLIZATION DYNAMICS
Also, we point out that the density f(x)cx 2 e -x2 appears to be a good approximation for the density distribution of the volumes of Voronoi cells associated with Poisson-distributed nuclei (see [2] for an empirical study). Wunderlich [4] has reported experimental calorimetric data for the crystallization of a copolymer of ethylene terephthalate and ethylene sebacate. This system resembles the present one in that crystallization does not proceed to completion and so the final product consists of crystalline regions imbedded in a less rigid amorphous matrix. The data were subjected to an Avrami analysis and n was found to be 3.2. Furthermore, the data deviated from the expectations of the model in the same sense as the present data. We conclude that the present model would better describe the crystallization of the copolymer, and presumably many other systems.
